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Today’s Model on Poset (S, <)

Coefficient of log-linear model
(Bias/weight in Boltzmann machines)
Probability (Natural parameter of exponential family)

\ Zeta fl{c’iion
\ A I
Qp(x) =) ((s,x)6(s)
SES

p(x) =) ulx,s)n(s)

Mobius function .
Expectation

(Frequency in pattern mining)
(Sufficient statistics in exponential family)
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Outcome

- Given a poset (S, <) and consider distributions on S
- The leastelement L € S

. KL divergence decomposition:

with Q s.t. B4(x) = Bg(x) or no(x) = np(x) forall x € S\ {1}

2. The set of probability distributions on (S, <) is
a w.rt. 6 and n

- p, 6,and n are coordinate systems
- 6 and n are orthogonal
— 0 introduces the structure of exponential family

— nintroduces the structure of mixture family 2/39



Partially Ordered Sets

Power set
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Partially Ordered Sets

Power set

Positive integers
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Partially Ordered Sets

Power set

Prefixes

000 001010 011100 101110 111

Positive integers

00 01 10 11
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Partially Ordered Sets

Power set Directed Acyclic Graph

Prefixes

000 001010 011100 101110 111

Positive integers

00 01 10 11
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Posets with Probability Distribution

Probability distribution
on posets (partially ordered sets)

A

Probability
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Posets with Probability Distribution

Probability distribution
on posets (partially ordered sets)

A

Information
geometry

Probability

Decomposition in I
the log-linear model OO




Posets with Probability Distribution

Probability distribution
on posets (partially ordered sets)

Probability
I—‘I—'I—‘I—‘OI—'OI—'I—'OOX
I—‘OOOI—'I—‘OI—‘OOOK

O
1 .-
0 -
1 .-
0
0
1
1
1
1
0

(e.g. Neurons, SNPs, ...)

Numerical score
(KL divergence)
and the p-value
for higher-order
intractions

Decomposition in

log p(x) = >, ((s, x)6(s)

the log-linear model
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Binary vectors Poset (itemset lattice)
(Transaction

database) {.,',.}

00
D1: 1 1 0
D2: 1 1 1
D3: 1 10
D4: 1 1 1
D5: 1 1 0
D6: 1 0 1
D7: 1 01
D8 1 1 1
D9: 1 0 O
D10: 0 1 O
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Binary vectors

(Transaction

database)

D 1:
D 2:
D 3:
D 4:
D 5:
D 6:
D 7:
D 8:
D 9:

-
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—
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o
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Poset (itemset lattice)

{‘,',.} Frequency = 0.3
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Binary vectors

(Transaction

database)

D 1:
D 2:
D 3:
D 4.
D 5:
D 6:
D 7:
D 8:
D 9:
D10:

=

ORREPRPRRPELKFERERB B
R O R OO RKr KL L -

corrrororo®

Poset (itemset lattice)

{‘,',.} Frequency = 0.3
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Binary vectors Poset (itemset lattice)
(Transaction

database) {.,',.} Frequency =0.3

o000 Probability = 0.3
D1: 1 1 0
D2 11 1 10,010
D3: 110 0.6 0.3
D4: 1 1 1 0.3 0.0
D5 1 1 0 {@}
D6 101 ] 00
D7: 1 0 1
D8 1 1 1
D9: 1 0 0
D10: 0 1 O
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Upward = Poset (itemset lattice)
Pattern mining
{0,900

n: Frequency
p: Probability 0.9

Frequency = 0.3
PzSbability = 0.3

n{® @} =p({® 0} +r({0 0 e}
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Upward = Poset (itemset lattice)
Pattern mining

DOWI’)WGrd — \ {‘I‘l ‘} Freguency — 03
Log-linear analysis ) PzSbability = 0.3
\ -
/.

(@)}
0.3
0.0
n: Frequency i
p: Probability / 0.5
O: Coefficient of | 0.0

log-linear model

n{® @} =p({® 0} +r({0 0 e}

log (@, @}) =0{@,@}) + 0({@}) + 6({@}) + 6(D)
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19,00}
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19,00}

/

/
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|

' e.g. Gaussian
l0g p(x) = ¥ (15, 6(5) | 53 sheter @ /\

ol pix) = exp( X 6(5)F500 - w(0))
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= {lx, s)p(s)

nx) =ELFx(s) ]

Sufficient \
statistics of {"\‘\}
/

exponential
family

N\

"’
/@
!

e.g. Gaussian

AN

Natural
IOg p Z CS’X 9(5 parameter

—
Eaxrﬁﬁ'y‘f”“a' p(x) = exp( X, 6(s)F(x) - ()
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Mobius Inversion on Posets

(:SxS - {o,1}:

1 ifs < x,
s, x) = { o otherwise
u:SxS > 7,definedasu ="

(1, ifx =y,
u(X, )=< _szs<yu(x’5) ifX<y,

e otherwise

- The [Rota (1964)]:
g(x) =) s, x)f(s) & F(x)=) uls, x)g(s)
SES SES
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Mobius Function Is Generalization of
Inclusion-Exclusion Principle

- Forsets A, B, C,
JAUBUC| =|A|l+|B|+|C|-|AnB|-|BnC|-|ANnC]|
+|AnBnC|

- In general, for A,, A,, ..., A,

Jal= 2 =" N4

Je{a,...,n}, J@ jel

- The Mébius function y is the generalization of “(—1)I7"
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Log-linear Model with Mobius Inversion

- Log-linear model and its sufficient statistics:

Iogp(x)=z s,x)0(s 26

s€ES S<X
=3 cuslpls = Y s
seS S=X
— Generalization of the log-linear model on binary vectors:
log p(x X@x +26 x'x) +. “Tx'x® L x",

i<j

« From the Mobius inversion formula,

9(X)=Z s, x)logp(s) Z X,s)n(s

SES SES
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Triple for each node

0| (@@
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Triple for each node

| (@0
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Triple for each node

| (e
6
0.2
{@} 0.2
-1.79
0.3
0.5
1.10 %)
0.1
1.0
-2.30

Probability distribution
is a“point”in 3D space
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Triple for each node Probability distribution
D is a“point”in 3D space

| (@0

ni@})
A
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Triple for each node

10,0}

Probability distribution
is a“point”in 3D space

0({@})
A

-
-
~_--~
-
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2930 S'x 6 andnare
log p(x) =Y 6(s) dually orthogonal
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Orthogonality of 8 and n

« From Mobius inversion,

B 1 ifx =y,
Z X, SJU(S,Y) = Ox,ys 6”_{ o otherwise

SES

- 0 and n are dually

0 0
E[ae(x)logp(s)an( log p(s } 2 X,$)u(s,y) = by,

SES

- Partial order structure leads to the same
dually flat structure with the exponential family
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Existing Approach Limited To Power Set

Power set

21/39



Our Approach Applies To Any Posets

Subset of power set
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Our Approach Applies To Any Posets

Subset of power set| [Directed Acyclic Graph

Prefixes
000 001010 011100 101110 111

Positive integers

00 01 10 11
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KL Divergence Decomposition

- KL divergence decomposition:

with Q s.t. 64(x) = Bg(x) orno(x) = np(x) forall x € S\ {1}

— Qs called the of (P, R)

— Itis known as the (generalized)
in Information Geometry

- We can derive from Mobius inversion:
Dy [P, Q] + Dy [Q, R] = D[P, R]

= ) (nals) = np(s)) (Ba(s) - O4(s))

SES
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DS T

KLIP, R] =
KLIP, Q1+ KLIQ, R
> >

. NBnnegatlve decomposition | .95
0.3 of the KL divergence

0.5
110®

1.95 0.0

choose n

choose 6

Mixed

0.089
0.6
0.0
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DS T

0.4390 =
0.3946 + 0.0444

> 2>

. NBnnegatlve decomposition | .95
0.3 of the KL divergence

0.5
110®

1.95 0.0

choose n

choose 6

Mixed

0.089
0.6
0.0
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Uniform dist. P,
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Uniform dist. P,

Log- Iinear model
log p(x) = 3, 6(s)

S<X
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Dist. P Uniform dist. P,

Contribution of the node ()
=KL[P, Q] =0.086

1.39 : 0.0

distribution R (] . Log- Iinear model
log p(x) = 2 6(s)

S<X
00 U 0.405
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Uniform dist. P,
Contribution of the node
= KL[P, Q] =0.086 /OCJDE\
_| The statistics A:
A = 2:[sample size]-KL[P, Q]
0.4 | follows y*-distribution b

0.6] with d.f. [#nodes — 1]

1.39| 5 p-value can be obtained!
ChOOSe I CTTOUST U

(KNOCK DOWN)
Log- Iinear model

0.3 |log p(x) = ), 6(s)
0.6 =X
0.405
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Poset of Subgraphs




Log-Linear Model on Subgraphs

Sufficient statistics
of exponential family

> G Gb a» a» a» a»

Log-linear model:
N log p(x) = ), 6(s)

SEXA

--------_____ T oaseaooe -

- -
- - -
-
-

N \Natural parameter
v of exponential family

" amaeomoae o™
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Information of Each Subgraph

0 & ?L

P: Empirical distribution

Freq.1 no M N2 N3 Na Ns
Coef. 60 61 62 63 64 95
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Information of Each Subgraph

o o & & ?L

P: Empirical distribution

Freq.| o M N2 N3 | Na
60 61 62 93 94 95 ek

Coef.

Q: Null distribution » KL(P, Q)
Freq.[ Mo M N2 Nz | 2?2 | Ns . Nk }r_
Coef. ? 2 1210 |7 ?
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Information of Each Subgraph

e

P: Empirical distribution

Freq.| o M N2 Ns
Coef.| 6, O, 0, 065

Q: Null distribution

Freq.| no M N2 Ns
Coef. ? 77

R: Uniform distribution
Freq.| 1.0 ? ? ?
Coef.f B, O O O

Na
0,

°~J

X/?’L

Ns Nk
95 6k

» KL(P, Q)
Ns nk}l__ _
? 2| +

KL(Q,iR)

? ?
0 0 |
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Make a Poset from Data

Dataset .00
®.0,@} \ Frequency =0.3

ID 1 : : : S Probability = 0.3
ID2: 1 1 1

, CX e
ID3: 1 1 0 06 03
ID4:. 1 1 1 0.3 0.0
ID5: 1 1 O )
D6: 1 0 1 8-*19 8'(5)
ID7: 1 0 1
D8 1 1 1 @(J1.0,0.0
D9: 1 o o |Numberofnodes= pitfeatures

. =>combinatorial explosion!
ID10: 0 1 O
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Make a Poset from Data

Dataset

000
ID1: 1
ID2: 1
ID3: 1
ID4: 1
ID5: 1
ID6: 1
1
1
1
0

=

ID 7:
ID 8:
ID 9:
ID10:

Probability > 0.2
(user specified threshold)

N O B O O K K = =
O OB KB KHEH ORK O KR O
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Remove Nodes with Probability O

Dataset

000
ID1: 1
ID2: 1
ID3: 1
ID4: 1
ID5: 1
ID6: 1
1
1
1
0

-

10.0,0}()

ID 7:
ID 8:
ID 9:
ID10:

R O R O O R K KR
©O O R B Pk O F, O FR O
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Example on Real Data (kosarak)

# features: 41,270

# nodes: 3,253

| |

'Y I B (Threshold: 10™)
D1: 110 | L
D2: 1 1 1
D3: 1 1 0 - Sample size:
D4 1 1 1 990,002
D5: 110 /

# significant interactions: 583
Total runtime: Single feature: 537
4,95 seconds Pairwise interactions: 41
Triple interactions: 5 37/39



Example on Real Data (accidents)

# features: 468

. . # nodes: 281
@ . o - (Threshold: 5x107°)
D1: 110 o
D2: 1 1 1
D3: 1 1 0 - | Samplesize:
D4: 1 11 340,183
D5: 110 /
# significant interactions: 280
Total runtime: # features in each interaction
4.95 seconds is between 26 to 41
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Conclusion

« A close connection between the
and information geometry

- leads to the dually flat manifolds

o M. Sugiyama, H. Nakahara, K. Tsuda,
Information Decomposition on Structured Space,
IEEE ISIT (2016)

o S. Amari, Information geometry on hierarchy of
probability distributions, IEEE Trans. Info. Theory (2001)

o H.Nakahara, S. Amari, Information-geometric measure
for neural spikes, Neural Computation (2002)

- We can decompose the KL divergence and
asses the significance on any posets
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