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Collaboration with 

 

 

 



Do Simple Things in Larger Scale 

Á  (10^6,10^7,10^8,10^9,é) 

Á  

Á  (e.g., Illumina ) 

Á  

Á

 

Á  (e.g., MapReduce)   

ÁK : K  

Á  

Á  
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Á  

Á Find all elements i that   

Á  

ÁFind all pairs ( i,j ), i < j, that  
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Ů 



≢│⁸ ─ ≈─ ╩  

Á ♃כ♦ ╩ ™√ ⌂  

Á ⌂╢ ╩ ™√ ╟╡  

Á ⌐ ⌂  

 

Á ♩כ♁ ╩ ™√ Ɑ▪  
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♃כ♦  

Á │⁸ ⌐ⱳ▬fi♃╩ ™≡ ↕╣╢ 

Á O(n log n)  

Á ─ⱡכ♪⅜№╢ ⁸Log n│ ⅝™ (20-30) 

Á ≢ ╩ : O(n) 

Á№╠╝╢ ⅜ O(1) ≢  

 

Á ─  Jacobsonõs PhD thesis (CMU, 1989). 

ÁElias (1975), Tarjan/Yao (1979), Chazelle (1985)é 

Á ⌐ : RRR (2002), Sadakane/Navarro 

(2010) 

ÁBig Data─ⱷ⸗ꜞ : Google IME 
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ꜝfi◒ :  

♃כ♦ ─  

Â ⱦ♇♩ ─√╘─  

Â ꜝfi◒ ⅜ ≢  

Årankc(B,i): return the number of cҽ{0,1} in B[1éi] 

Â ™ↄ≈⅛─ ⅜ ╠╣≡™╢: rank9sel  
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Ex) B=0110011100 

i 1 2 3 4 5 6 7 8 9 10 

  0 1 1 0 0 1 1 1 0  0 

  0 1 1 0 0 1 1 1 0  0 

rank1(B,8)=5 

rank0(B,5)=3 



Á Divide bit array B into large blocks of length l=log2n 

ÁRL = Ranks of large blocks 

Á Divide each large block to blocks of length s=(log n)/2  

ÁRS = Ranks of small blocks relative to the large blk 

 

rank1(B,i)=RL[i/l]+Rs[i/s]+(remaining rank) 

Time: O(1) 

Memory: n +o(n) bits 



 

Á2500  

Å  

Å = Bag-of-Words (Weisfeiler-Lehman ) 

 

Á ò ò AND  

Á  

Á  

 

Á ò   

Å O(n) , n:   

Å  
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3  

AND◒◄ꜞ  

ÁK ─꞉כ♪╩ ≈◒◄ꜞ 

Á(Word 2, Word 4) 

Á IDꜞ ☻♩─ ╩ ╘╢ 

 

 

 

 

 

 

ÁO(|A|+|B|) ⅛⅛╢╟℮⌐ ⅎ╢ 

Á↕╠⌐ ↄ≢⅝╢⅛  
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Word Document ids  

Word 1 2,10 

Word 2 3,4,6 

Word 3 2,6,7 

Word4 4,8,10 

4  6  4  8  10  

3  4  4  6  8  10  

A B 



Alternation Ǟ 

Á♁כ♩⇔√ ─ ╡ ╦╡─  

 

 

 

 

 

 

Á ▬fi♃כ☿◒◦ꜛfi╩O(Ɯ log m) ≢ ≢⅝╢

♃כ♦ ⅜ ∆╢(Barbay/Kenyon, 2002)  

Ám : ─  
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3  4  6  4  8  10  

3  4  4  6  8  10  

Ŭ = 3 



─Range intersection 

Â ─ ╩≈⌂→≡ ╩≈ↄ╢ 

ÂArray A of length n,  values 1 Ò A[i] Ò m 

 

 

 

Â◐כ꞉כ♪ =  

ÂRange intersection: rint(A,[i,j],[k,?])  

ÅA[i,j] ≤A[k,?]─ ╩ ╘╢ 

 

Â►◄כⱩ꜠♇♩ ╩ ™╣┌O(Ŭ log m)  
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A  1 3 6 8 2 5 7 1 2 7 4 5 

i j  k ?



─ :  

Lower half = left, Higher half=right 

[1,4] [5,8] 

[1,8] 

1 3 6 8 2 5 7 1 7 2 4 5 

1 3 2 1 2 4 6 8 5 7 7 5 

1 2 1 2 3 4 6 5 5 8 7 7 

1 1 2 2 3 4 5 5 6 7 7 8 

[1,2] [3,4] [5,6] [7,8] 



⅜ lower half (0) ≢№╢⅛ higher 

half (1) ≢№╢⅛╩  
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[1,4] [5,8] 

[1,8] 

0 0 1 1 0 1 1 0 1 0 0 1 

0 1 0 0 0 1 0 1 0 1 1 0 

0 1 0 1 0 1 1 0 0 1 0 0 

[1,2] [3,4] [5,6] [7,8] 

1 2 3 4 5 6 7 8 



ⱦ♇♩ ╩ꜝfi◒ ≢ ≠
↑╢  

Â ꜝfi◒ ╩ ™╣┌⁸ꜝfi◒ ⅜ ≢
ⅎ╢  

Årankc(B,i): return the number of cҽ{0,1} in B[1éi] 
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Ex) B=0110011100 

i 1 2 3 4 5 6 7 8 9 10 

  0 1 1 0 0 1 1 1 0  0 

  0 1 1 0 0 1 1 1 0  0 

rank1(B,8)=5 

rank0(B,5)=3 



♩♇꜠Ⱪכ◄►  = ꜝfi◒ ≢ ≠
↑╠╣√ ─     

25/10/2013  15  

[1,4] [5,8] 

[1,8] 

0 0 1 1 0 1 1 0 1 0 0 1 

0 1 0 0 0 1 0 1 0 1 1 0 

0 1 0 1 0 1 1 0 0 1 0 0 

[1,2] [3,4] [5,6] [7,8] 

1 2 3 4 5 6 7 8 



 

Â (1+ƞ) n log m  bits  

 

¸ n: Number of all words in the database  

¸ m: Number of unique words  

¸ ƞ: Overhead for rank dictionary (around 0.6)  

 

¸ Not so different from simply storing the array (n log 

m bit)  



Range intersection  

Â ─ ╩≈⌂→≡ ╩≈ↄ╢ 

Â Array A of length n,  values 1 Ò A[i] Ò m 
 

 

 

 

Â◐כ꞉כ♪ =  

Â Range intersection: rint(A,[i,j],[k,?])  
ÅA[i,j] ≤A[k,?]─ ╩ ╘╢ 

 

Â►◄כⱩ꜠♇♩ ╩ ™╣┌O(Ŭ log m)  
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A  1 3 6 8 2 5 7 1 2 7 4 5 

i j  k ?



≢  

Âꜝfi◒ ╩ ™╣┌⁸ ─ ⅜
≢  

Årank0 for left child and rank1 for right child 
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[1,4]  

[1,8]  

Aroot  1 3 6 8 2 5 7 1 7 2 4 5 

Aleft    1 3 2 1 2 4 Aright   6 8 5 7 7 5 

[5,8]  



♩♇꜠Ⱪכ◄► ⌐╟╢ ─
 

[1,4] [5,8] 

[1,8] 

1 3 6 8 2 5 7 1 7 2 4 5 

1 3 2 1 2 4 6 8 5 7 7 5 

1 2 1 2 3 4 6 5 5 8 7 7 

1 1 2 2 3 4 5 5 6 7 7 8 

[1,2] [3,4] [5,6] [6,8] 

Pruned  

solution!!  



∫√ ─ │ ₁ Ǟ 

[1,4] [5,8] 

[1,8] 

1 3 6 8 2 5 7 1 7 2 4 5 

1 3 2 1 2 4 6 8 5 7 7 5 

1 2 1 2 3 4 6 5 5 8 7 7 

1 1 2 2 3 4 5 5 6 7 7 8 

[1,2] [3,4] [5,6] [6,8] 

Height log m  



◓ꜝⱨ─  

Á◓ꜝⱨ─Bag-of-words  

ÅWeisfeiler-Lehman  (Shervashidze and Borgwardt, 

2009) 

 

 

 

Á◖◘▬fi ◒◄ꜞ 

ÅFind all graphs W whose cosine similarity 

(kernel) to the query Q is at least 1-Ů  
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W=(A,D,E,H)  



Weisfeiler-Lehman   

i) ∆╢ⱡכ♪─ꜝⱬꜟ╩ ╘
╢   ex) {5,1, 4} 

ii) ♁כ♩     ex) 1,4, 5 

iii) ⱡכ♪ꜝⱬꜟ╩ ⌐ ╣╢         

                 ex) 2,1,4, 5 

iv) Ɫ♇◦ꜙ 

                  ex) 2,1,4, 5ќ9 

v) Ɫ♇◦ꜙ ╩ ⇔™ⱡכ♪ꜝⱬ
ꜟ⌐∆╢ 

1 

4 

5 2 

Bag-of-words  
{1, 2,4, 5,é,9,é} 

1 

4 

9 5 
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Courtesy K. Borgwardt  



◒◄ꜞ─  

Á  Ơ ─◓ꜝⱨ─  

 

 

 

ÁIf                                then  
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AND◒◄ꜞ┼─  

Â◖◘▬fi ◒◄ꜞ│ ─╟℮⌐ ≢⅝╢ 
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ÂFind all graphs W which share at least k words to the 

query Q  

Â ╩ ∆↓≤│⌂™ 

Â ⌂ │⁸№≤≢♅▼♇◒⇔≡ ↄ  

 



Inverted index, Array, Wavelet Tree 

Â◓ꜝⱨ ╩ ≢ ∆ 

Â ≡─ ╩≈⌂→≡ ⌐ 

Â ♩♇꜠Ⱪכ◄►╩ ≢
≠↑╢ 

ÂGraph query = Multi-interval 

extension of range intersection 

ÅFind graph ids which appear at 

least k times in the array 
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Word Graph ids 

A 1,3,6,8 

B 2,5,7 

C 1,2,7 

D 4,5 

Aroot  1 3 6 8 2 5 7 1 2 7 4 5 

Wavelet Tree 



 

Â25 million chemical compounds from PubChem 

database 

ÂUse search time and memory as evaluation 

measures 

ÂCosine thresholds Ů=0.3,0.35,0.4  

ÂCompare our method gWT to  

ÅInverted index (concatenate all intervals and sort)  

ÅSequential scan implemented in G-Hash (Wang et al, 

2009) 

 



Search time 

40 sec 
38 sec 

8 sec 
3 sec 
2 sec 



Overhead of rank dictionary 



Construction time 



⅔╦╡⌐  

Â►◄כⱩ꜠♇♩ ╩ ™╢≤ ◒◄ꜞ╩
⌐ ↄ↓≤⅜≢⅝╢ 

Âⱳ▬fi♃╩ ™⌂™─≢⁸ │
─  

Â ⌐ ╩ ™╢ ╟╡  

 

 

 

 

 



▪►♩ꜝ▬fi Ɑ▪  

Á♁כ♥▫fi◓⌐╟∫≡⁸ ⌐ Ɑ▪ ╩ ℮
₈ ♩כ♁ ₉╩  

 

ÁⱢⱵfi◓ ⌐ ≠ↄ Ɑ▪  

 

ÁSketchSort:◖◘▬fi ⌐ ≠ↄ Ɑ▪  

Áꜞ●fi♪ ◘▬♩ 

 

ÁSlideSort: ⌐ ≠ↄ Ɑ▪  

ÁShort reads┼─  
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♩כ♁   

Á ∂ ↕ l ─ ⅜n ⅎ╠╣≡™╢ 

ÁⱢⱵfi◓ ─Ɑ▪─  

Á ─Ɑ▪─ ╩m≤∆╢ 

Á ╩♩כ♁ ⌐ ╡ ⇔≡⁸ Ɑ▪╩O(n+m)≢
  

 

Á↓─ ╩ ∆╢ ⱴ☻◒ │⁸ ⅜
⅝™√╘ ⌐│  

ÁⱩ꜡♇◒ⱴ☻◒─ ⌐╟╢  
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Special Case:  (d=0) 

Á , Equivalence class : O(n) 

Á quivalence class : O(m) 

Á : O(n+m) 
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 ( ) 

Ád   

 

Á            

Á l  

Á  O(n+m) 
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Á  

Ád  

Á  

Á  

Á  



▪ꜟ◗ꜞ☼ⱶ 

Á ╕∏ ─Ⱪ꜡♇◒╩♁⁸⇔♩כEquivalence class╩ ∆╢ 

Á ₁─Equivalence class⌐ ⇔≡⁸ ─Ⱪ꜡♇◒╩ ↑ ⅎ≡⁸♁
 ⁹╢∆♩כ

Á k-d ─Ⱪ꜡♇◒⅜≈⌂⅜∫√╠⁸ Equivalence Class⌐ ∫≡™╢
Ɑ▪⌐ ⇔≡₈ ₉╩ ℮ 

Á ⅝ ∫√Ɑ▪⌐ ⇔≡⁸ⱢⱵfi◓ ╩ ⌐  
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ÁⱩ꜡♇◒ ⌐⁸Lexicographical Order╩  

Á№╢Ⱪ꜡♇◒ ⌐ ⇔≡ ─Ɑ▪⅜ ≈⅛∫≡╙
⁸Ⱪ꜡♇◒ ⅜₈ ₉≢⌂↑╣┌⁸ ⇔⌂™ 

Á  
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Ⱪ꜡♇◒ ─ ─Ⱪ꜡♇◒╟╡╙⁸ ⌐№╢ Ⱪ꜡♇◒⅜  
 ≢⌂™ 



♩כ♁
─  ♪כ◖
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Equivalence Class  
─  

Ⱪ꜡♇◒ ⅜ ⌐ 
⇔√ ─Ɑ▪─ ⅎ → 
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Á  

ÁLocality sensitive hashing  
 ( ).  

Á  

Á  

Á Jaccard
  

 

ÁMissing edge ratio 10^-6  

ÁCover tree (Beygelzimer et al., ICML2006)  

Á  



Á  

 

ÁLocality sensitive hashing 

ÁD l 0/1   

Á  
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 0/1  
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Cosine LSH 

Á                 : N(0,1)  

Á  

 

 

Á  

 

 

 

 

Á

 (Raginsky and Lazebnik, NIPS 2009) 

Á  
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SketchSort 

Á :  

ÁNot good:  

Á  

Á    Q  

Á  

 

 

Á  

 

 

Á             
 



♅ꜗfi◒ ─  

Á ⌂╢♅ꜗfi◒≢ ∂Ɑ▪⅜ ≈⅛╢≤⁸ ⅜ ∆
╢ 

Á♅ꜗfi◒ ≢⁸ⱢⱵfi◓ ─Ɑ▪⅜ ≈⅛∫√
⌐│⁸♅ꜗfi◒ 1,..,q -1≢ⱢⱵfi◓ ─╙

─⅜⌂™ ∞↑  

Á ─♅▼♇◒ ≢⅝╢∞↑◖◘▬fi ─ ╩
↑╢ 
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SketchSort─
 ♪כ◖
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♅ꜗfi◒⌐ ∆╢ ┘ ⇔ 

Ɑ▪─ ⅎ → 
─♅▼♇◒  

Equivalence Class  
─  
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Á  E*, SketchSort   E 

Á alse positive: 

 

 

 

ÁFalse negative: 
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False  negative rate : Missing edge ratio 

ÁFalse negative  

ÁFalse positive  

ÁMissing edge ratio (False negative rate) 
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Lanczos Bisection

 
Á  

Á  (60,000 points, 748 dims) 

ÁTinyImage (100,000 points, 960 dims) 
ÁMissing Edge Ratio  

Á  Ù 

Á  

Á : (2,5), (3,6)  

Á  2,6,10,é,50 

ÁLanczos Bisection (JMLR, 2009)  

ÁLanczos  
 

 



MNIST, 0.15ǭ  



TinyImage, 0.15ǭ  
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160  

Near duplication detection in up to 1.6 million images at 

thresholds 0.05Ù (left), 0.10Ù (middle) and 0.15Ù (right) 

ÁMissing Edge Ratio  < 1.0 10 -6 

Á160 4.3
0.05ɸ 



♃fiⱤ◒ ─ꜞ●fi♪ ─
 

Á ⌐ ↕╣≡™╢♃fiⱤ◒  

Á1,260,627 ─ꜞ●fi♪ (ⱳ◔♇♩)╩  

Á∕─ ─ 20 │⁸ ⌐ꜞ●fi♪⅜  

ÁSketchSort≢ ∆╢Ɑ▪╩  

 

Á │⁸▪Ⱶⱡ ─ ⌐╟∫≡⁸ ╩
 (Homolog) 

Á⇔⅛⇔⁸ ⅜ ∫≡™≡╙⁸ ⅜ ∂≢№╣
┌ ∆╢  (Analog) 
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PDB-wide) 

Á  

ÁMinai et al. (2008): 

 

Á (  
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